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Generators for vector spaces spanned by double zeta values
with even weight
Abstract
Let DZk be the Q-vector space spanned by double zeta values with weight k, and
DMk be its quotient space divided by the space PZk spanned by the zeta value ζ(k)
and products of two zeta values with total weight k. When k is even, an upper bound for
the dimension of DMk is known. By adding the dimensions of DMk and PZk, an upper
bound of DZk which equals k/2 minus the dimension of the space of modular forms of
weight k on the modular group is given. In this note, we obtain some specific sets of
generators for DMk which represent the upper bound. These yield the corresponding
sets and the upper bound for DZk.
1 Introduction and main theorem
In recent years, the multiple zeta values have appeared in various contexts in mathematics
and physics (cf. [1, 3, 21]). The double zeta values, which are the multiple zeta values with
depth 2 and also called Euler sums or Euler-Zagier sums, are defined by
ζ(q, p) :=
∑
n>m>0
1
nqmp
for integers q ≥ 2 and p ≥ 1. The integer k = p+q is the weight of ζ(q, p) by definition. These
values go back to L. Euler [6], and were revisited by N. Nielsen [15], L. Tornheim [18] and L.J.
Mordell [13]. Euler discovered that the double zeta value ζ(q, p) is a Q-linear combination of
ζ(k) and ζ(j)ζ(k− j) (2 ≤ j ≤ k− 2) when its weight k is odd (see [2, Introduction] and [10,
Theorem 1] for an explicit combination). Furthermore, he gave the formula
2ζ(k − 1, 1) = (k − 1)ζ(k) −
k−2∑
j=2
ζ(j)ζ(k − j) (1)
for any integer k ≥ 3. Here the real numbers ζ(j) :=
∑
∞
m=1 1/m
j are the usual zeta values.
Let DZk be the Q-vector space spanned by double zeta values with weight k, and DMk
be its quotient space DZk/PZk, where PZk denotes the space spanned by the zeta value
ζ(k) and products {ζ(j)ζ(k− j)| 2 ≤ j ≤ k−2} of two zeta values with total weight k. When
k is odd, the combinations discovered by Euler give generators {ζ(k)} ∪ {ζ(j)ζ(k − j)| 2 ≤
j ≤ (k − 1)/2} for the space DZk. The generators imply that the integer (k − 1)/2 is an
upper bound for its dimension, and DMk is the null space. Thus the spaces DZk and DMk
for k odd are simpler than those for k even as we see below.
Let [x] be the greatest integer not exceeding x, and Mk be the space of modular forms of
weight k on the modular group SL(2,Z). When k is even, D. Zagier has obtained an upper
bound [(k−2)/6] for the dimension of the space DMk (see [11, Section 8 and Appendix], [20],
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[21, Section 8]). Since the [(k + 2)/4] numbers {ζ(k)} ∪ {ζ(j)ζ(k − j)| 2 ≤ j ≤ k/2, j odd}
generate the space PZk by Euler’s result ζ(2j) ∈ Qpi
2j , the integer [(k+2)/4]+ [(k−2)/6] =
k/2− dim Mk is an upper bound for the dimension of the space DZk. This upper bound has
been also obtained in the paper [8, Theorem 2 and 3] of H. Gangl et al. by using surprising
connections between the structure of DZk and that of Mk. It should be noted that there are
related works [7, 9, 16] (see Remark in [8, Introduction]). However they have not discovered
specific generators for DMk and DZk which give the upper bounds.
The purpose of this note is to prove the following theorem, more precisely to give 2[(k−2)/6]
specific sets of [(k − 2)/6] generators for the space DMk when k is even. These sets clearly
yield at least 2[(k−2)/6] specific sets of (k/2− dim Mk) generators for the space DZk.
THEOREM 1. Let k be an even integer with k ≥ 2. For any choice of ε1, . . . , ε[(k−2)/6] ∈
{0, 1}, the [(k−2)/6] double zeta values {ζ(2j+ εj, k−2j− εj)| 1 ≤ j ≤ [(k−2)/6]} generate
the Q-vector space DMk. The integer [(k − 2)/6] is consequently an upper bound for its
dimension.
Since [(k − 2)/6] = [[(k − 1)/3]/2] if k is even, Theorem 1 with ε1 = · · · = ε[(k−2)/6] = 0
says that the space DMk is generated by
{ζ(2j, k − 2j)| 1 ≤ j ≤ [
k − 2
6
]} = {ζ(j, k − j)| 2 ≤ j ≤ [
k − 1
3
], j even}.
Thus DMk are spanned by ζ(even, even)’s with weight k.
We know from [8, Theorem 2, 3] that ζ(odd, odd)’s with weight k generate DZk, and
furthermore satisfy at least (dim Mk−1) linearly independent relations. As an application of
Theorem 1, we give a specific set of (k/2−dimMk) generators written in terms of ζ(odd, odd)’s
for DZk, which reproduces the known results.
THEOREM 2. (cf. [8, Theorem 2, 3]) Let k be an even integer with k ≥ 2.
(i) The following (k/2− dim Mk) linear combinations of ζ(odd, odd)’s generate the Q-vector
space DZk.
{ζ(j, k − j)| 3 ≤ j ≤ [
k + 2
3
], j odd } ∪ {ζ(k − j, j)| 1 ≤ j ≤ [
k + 2
3
], j odd }
∪ {ζ(j, k − j) + ζ(k − j, j)| [
k + 5
3
] ≤ j ≤
k
2
, j odd }.
(ii) For any odd integer i with [(k + 5)/3] ≤ i < k/2, there is a Q-linear relation among
ζ(odd, odd)’s such that
k−1∑
j=3
j odd
cjζ(j, k − j) = 0 (cj ∈ Q)
where ci 6= ck−i and cj = ck−j if j is an odd integer with [(k + 5)/3] ≤ j < k/2 and j 6= i. In
particular, the number of linearly independent relations of the above kind equals (dim Mk−1).
REMARK 3. The equations obtained in Theorem 2(ii) are presumably unique up to scaling,
but the uniqueness can not be proved; We do not know even whether all double zeta values
ζ(j, k − j) are not rational.
In the proof of Theorem 1 below, we shall use only relations among double zeta values
and Tornheim double series which are defined by
T (r, q, p) :=
∑
n,m>0
1
(n+m)rnqmp
(2)
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for integers r, q, p ≥ 1. We have reversed the order of arguments in T (r, q, p) compared to the
standard definition in order to keep the relationship T (r, 0, p) = ζ(r, p) with the summation
convention used for the double zeta values.
Some basic properties of T (r, q, p) are the following.
T (r, q, p) = T (r, p, q),
T (r, q, p) = T (r + 1, q − 1, p) + T (r + 1, q, p − 1) (p, q ≥ 1),
T (r, 0, p) = ζ(r, p) (r ≥ 2).
In the next and final section, we prove Theorem 1 and 2, and give some examples of equations
obtained in Theorem 2(ii).
2 Proofs of Theorem 1 and 2
Throughout this section, we suppose that k ≥ 2 is even. Let DZk(r) be the Q-vector space
generated by double zeta values {ζ(j, k− j)| 2 ≤ j ≤ r} for any integer r with 1 ≤ r ≤ k− 1.
The space DZk(r) stands for the null space if r = 1, and equals DZk if r = k − 1. To give a
proof of Theorem 1, we need some relations among double zeta values and Tornheim double
series.
LEMMA 4. Let p, q, r be integers with k = p+ q + r.
(i) If p, q, r ≥ 1, then
(−1)rT (r, q, p) + (−1)qT (q, p, r) + (−1)pT (p, r, q) ∈ Qζ(k) ⊂ PZk. (3)
(ii) If p, q, r ≥ 1, then
T (r, q, p) ∈ DZk(r) + PZk. (4)
In particular, under the extra assumption that r ≥ 2, we have
T (r, q, p)− (−1)pζ(r, k − r) ∈ DZk(r − 1) + PZk. (5)
(iii) If 3 ≤ r ≤ k − 3 and r is odd, then
2ζ(r, k − r) + (k − r)ζ(r − 1, k − r + 1) ∈ DZk(r − 2) + PZk. (6)
Proof. From [5, 14, 19, 22] (see also [12, 13, 17]), we obtain (3). If p ≥ 2, q ≥ 0 and r ≥ 1
with q + r ≥ 2, then, by [4, Corollary 2.4] and (1),
T (r, q, p) − (−1)p
r−1∑
j=1
(
p+ r − j − 2
p− 1
)
ζ(j + 1, k − j − 1) ∈ PZk.
Note that S(p, q) and ζ(1) in [4] equal ζ(q, p)+ζ(p+q) and 0 respectively. By using the above
formula, we deduce (4) and (5) from T (r, k−r−1, 1) = T (r−1, k−r−1, 2)−T (r, k−r−2, 2),
and (6) from T (r, 0, k − r) = ζ(r, k − r).
We prove Theorem 1.
Proof of Theorem 1. Firstly we show that DZk = DZk([(k−1)/3])+PZk. Let r be an integer
with [k/3]+1 ≤ r ≤ k−2. If k 6≡ 2 (mod 3) or r ≥ [k/3]+2, then there are integers 1 ≤ p, q ≤
[k/3] such that p + q + r = k. We see from (3) and (4) that T (r, q, p) ∈ DZk([k/3]) + PZk.
If k ≡ 2 (mod 3) and r = [k/3]+1, then p+ q+ r = k by setting p = [k/3] and q = [k/3]+1.
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Thus we also get by (3) and (4) that T (r, q, p) ∈ DZk([k/3])+PZk. These together with (5)
imply that, for any integer r with [k/3]+1 ≤ r ≤ k−2, we have ζ(r, k−r) ∈ DZk(r−1)+PZk,
or DZk(r) ⊂ DZk(r − 1) + PZk which is also true when r = k − 1 by (1). By using in-
duction on r, starting at r = [k/3] + 1, we can obtain DZk ⊂ DZk([k/3]) + PZk. If k ≡ 0
(mod 3), we see from (3) that T (k/3, k/3, k/3) ∈ PZk (which was obtained by Mordell
[13]), and from (5) that ζ(k/3, 2k/3) ∈ DZk((k/3) − 1) + PZk. Thus we conclude that
DZk = DZk([(k − 1)/3]) + PZk.
Let Xk;~ε(r) denote the space spanned by {ζ(2j+εj , k−2j−εj)| 1 ≤ j ≤ r} for any integer
r with 1 ≤ r ≤ [(k−2)/6]. We see from (6) that DZk(2r+1) ⊂ Xk;~ε(r)+DZk(2r−1)+PZk.
By induction on r, starting at r = 1, we get DZk(2[(k−2)/6]+1) ⊂ Xk;~ε([(k−2)/6])+PZk.
Since DZk([(k − 1)/3]) ⊂ DZk(2[(k − 2)/6] + 1), we obtain DZk = Xk;~ε([(k − 2)/6]) + PZk.
This completes the proof.
Finally we give a proof of Theorem 2.
Proof of Theorem 2. From Theorem 1 with ε1 = . . . = ε[(k−2)/6] = 1 and the harmonic
relation ζ(p)ζ(q) = ζ(p, q) + ζ(q, p) + ζ(p+ q), we see that the (k/2− dim Mk) real numbers
{ζ(j, k−j)| 3 ≤ j ≤ [(k+2)/3], j odd }∪{ζ(j, k−j)+ζ(k−j, j)| 2 ≤ j ≤ k/2, j odd }∪{ζ(k)}
generate the space DZk. This together with the formula [8, Theorem 1]
k−1∑
j=3
j odd
ζ(j, k − j) =
1
4
ζ(k)
yields (i). We next prove (ii). By (i), the fact that ζ(i, k − i) ∈ DZk for any odd integer
i with [(k + 5)/3] ≤ i < k/2 implies the nontrivial equations stated in (ii). If these are
linearly dependent, there are rational numbers di ∈ Q and Q-linear combinations A
(i) =
k−1∑
j=3
j odd
c
(i)
j ζ(j, k − j) for odd integers i with [(k + 5)/3] ≤ i < k/2 such that dh 6= 0 for some
odd integer h and
k/2−1∑
i=[(k+5)/3]
i odd
diA
(i) = 0, (7)
where c
(i)
j are rational numbers as in (ii), that is, c
(i)
i 6= c
(i)
k−i and c
(i)
j = c
(i)
k−j if j is an odd
integer with [(k + 5)/3] ≤ j < k/2 and j 6= i. However, it should hold that c
(h)
h = c
(h)
k−h
because of (7) and dh 6= 0, which is a contradiction. Thus the relations obtained in (ii) are
linearly independent. Since the numbers of the generators in (i) and ζ(odd, odd)’s with weight
k equal (k/2 − dim Mk) and (k − 2)/2 respectively, the number of the nontrivial equations
equals (dim Mk − 1).
EXAMPLE 5. We introduce examples of the relations obtained in Theorem 2(ii) in case of
k = 18, 20, 22, 24. (See [8, Introduction] for the case of k = 12, 16.) The case of k = 24 is the
first case where two relations appear, otherwise one relation. Let S3 be the symmetric group
of degree 3, and we put
sj(k1, k2, k3) =
∑
σ∈S3
(−1)kσ(1)
(
kσ(2) + kσ(3) − j − 1
kσ(2) − 1
)
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for a nonnegative integer j and positive integers k1, k2, k3, where
(m
n
)
= 0 if m < n. In order
to give the examples, the explicit relations for double zeta values stated in Lemma 4 are
required, and we write them;
0 =
∑
σ∈S3
{
2
3
s0(kσ(1), kσ(2), kσ(3))ζ(k) + s1(kσ(1), kσ(2), kσ(3))ζ(1, k − 1)
+
k−2∑
j=2
sj(kσ(1), kσ(2), kσ(3))
[
ζ(j, k − j) −
(
δj odd +
δj even
3
)
ζ(j)ζ(k − j)
]}
, (8)


(
k−3
1
)
0 0 0(k−3
3
) (k−5
1
)
0 0(k−3
5
) (k−5
3
) (k−7
1
)
0
...
. . .




ζ(2, k − 2)
ζ(4, k − 4)
ζ(6, k − 6)
...


= −


2 0 0 0(
k−4
2
)
2 0 0(k−4
4
) (k−6
2
)
2 0
...
. . .




ζ(3, k − 3)
ζ(5, k − 5)
ζ(7, k − 7)
...


−


(k−2
2
)(k−2
4
)(
k−2
6
)
...

 ζ(1, k − 1) +
k−2∑
j=2
(−1)j−1


(k−j−1
2
)(k−j−1
4
)(
k−j−1
6
)
...

 ζ(j)ζ(k − j), (9)
where k1, k2, k3 are positive integers with k = k1 + k2 + k3, δP (j)is the Kronecker delta
function which equals 1 if the condition P (j) is true and 0 if false, and ζ(1, k − 1) means
−(ζ(k)+ ζ(k− 1, 1)). Note that (8) can be derived from (3) and (5) ([14, Theorem 1.1.2] and
[4, Corollary 2.4]), and (9) from (6) ([4, Corollary 2.4] with q = 0). By the use of (8) and
(9), we can calculate the following examples.
The case of k = 18. By (8) with (k1, k2, k3) = (6, 6, 6) and (9), we obtain
4004ζ(15, 3) + 23199ζ(13, 5) + 47880ζ(11, 7) + 59822ζ(9, 9)
+ 47685ζ(7, 11) + 24024ζ(5, 13) =
62821831
43867
ζ(18).
The case of k = 20. By (8) with (k1, k2, k3) = (8, 6, 6) and (9), we obtain
858ζ(17, 3) + 5005ζ(15, 5) + 10758ζ(13, 7) + 14925ζ(11, 9)
+ 14938ζ(9, 11) + 10725ζ(7, 13) + 5148ζ(5, 15) =
111230333
349222
ζ(20).
The case of k = 22. By (8) with (k1, k2, k3) = (8, 7, 7) and (9), we obtain
21216ζ(19, 3) + 124566ζ(17, 5) + 277732ζ(15, 7) + 415239ζ(13, 9)
+ 470415ζ(11, 11) + 415324ζ(9, 13) + 277290ζ(7, 15) + 127296ζ(5, 17)
=
632571863
77683
ζ(22).
The case of k = 24. By (8) with (k1, k2, k3) = (8, 8, 8), (10, 7, 7) and (9), we obtain
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1518100ζ(21, 3) + 8953662ζ(19, 5) + 20466050ζ(17, 7) + 32180239ζ(15, 9)
+ 39585975ζ(13, 11) + 39585975ζ(11, 13) + 32182500ζ(9, 15)
+ 20447430ζ(7, 17) + 9108600ζ(5, 19) =
282358595588279
472728182
ζ(24),
814606ζ(21, 3) + 4807413ζ(19, 5) + 11023896ζ(17, 7) + 17421586ζ(15, 9)
+ 21521181ζ(13, 11) + 21522150ζ(11, 13) + 17421586ζ(9, 15)
+ 11015745ζ(7, 17) + 4887636ζ(5, 19) =
151914058887111
472728182
ζ(24).
Note that, in the first equation, the coefficients of ζ(15, 9) and ζ(9, 15) are not equal, and
the ones of ζ(13, 11) and ζ(11, 13) are equal. On the other hand, in the second equation, the
ones of ζ(15, 9) and ζ(9, 15) are equal, and the ones of ζ(13, 11) and ζ(11, 13) are not equal.
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